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I. Introduction

D URING the past several years, flutter suppression techniques
have been actively investigated on the Benchmark Active

Control Technology (BACT) wind-tunnel aeroservoelastic (ASE)
model developed by NASA Langley Research Center [1–7]. The
BACT exhibits classical flutter instability at transonic speeds, with
systemdynamics that varywith the dynamic pressure. TheBACThas
provided a testbed for the development and testing of passivity-based
robust control, linear parameter varying gain scheduling control,H-
infinity �-synthesis generalized predictive control, full-order and
reduced-order linear quadratic Gaussian (LQG), and others. The
body of flutter suppression techniques developed for the BACT
model is based upon a system that can be effectively reduced to a low-
order state-space model. The open-loop BACTmodel has one flutter
mechanism; it is stable below the classical flutter boundary, and it is
unstable above [2].

This Note addresses the problem of output regulation of the
continuous-time linear BACT model with control saturation and
exogenous input additive disturbance. Themotivation for this Note is
a previous study on flutter suppression of a generic high-order
nonminimum-phase unmanned aerial vehicle system using a piezo-
electric aileron with restricted control authority [7].

A chronological bibliography of research that addresses control
with saturating actuators is reported in [8]. There are generally two
approaches for dealing with actuator saturation. In the first approach,
one starts with the control design and then adds problem-specific
schemes, referred to as antiwindup schemes, which use ad hoc
modifications for dealing with control saturation. Classical methods
of control law design for flutter suppression of the BACT system
have tended to use this approach. Optimization methods, such as
min-max and state-dependent Riccati equation methods, have also
been applied to flutter suppression with hard constraints on the
control input [3,9]. Bothmethods require validation of controllability
and stability for specific initial conditions and control constraints
through an iterative process of parameter selection and numerical
simulations. The second approach is the one addressed in thisNote. It
takes into account the saturation nonlinearity at the outset of the
control law design in a systematic manner that provides semiglobal
stabilization of system dynamics.

Previous work by Applebaum and Ben-Asher on flutter
suppression of the BACT wind-tunnel model, subject to bounded

control signals, described the theory and results for estimating
domains of attraction of the origin that approach the system’s null
controllable region [10] and for constructing a continuous dynamic
state-feedback saturated control law that guarantees stability on a
predefined subset of the domain of attraction in the presence of
exogenous disturbance [11]. This Note extends these results to the
construction of a dynamic output error-feedback regulator. It is based
upon the work of Hu and Lin [12,13] that provided a general
theoretical framework for output regulation with control saturation.
Output regulation of the BACT model, using both state and output
error feedback, is demonstrated through simulations that have been
carried out for the highest considered dynamic pressure value,
corresponding to the system’s most open-loop unstable working
setpoint.

An alternative approach to the stabilization of systems with
saturating actuators includes the application of linear-quadratic-
regulation (LQR)/LQG theory and stochastic approximations for
dealing with control saturation [14]. In contrast with the stochastic
approximationmethod, this studyprovides aprecisemethodology for
achieving stabilization of the BACT model under saturation control.
State-feedback stabilization of linear unstable plants with saturating
actuators using a time-varying sliding surface has also been proposed
as a robust stabilizationmethod for single-input/single-output (SISO)
systems containing nonsmooth nonlinearities such as saturation [15].
This study proposes an alternative strategy and methodology to that
of sliding mode control for achieving output regulation of a linear
system with actuator saturation and exogenous disturbances. This
method is based upon the construction of invariant sets for
maximizing domains of attraction and achieving continuous control
action in small invariant neighborhoods of the equilibrium point.

The organization of the Note is as follows. Section II presents a
generaldescriptionof theoutput regulationproblem.Section IIIoffers
a brief description of the BACT model. Section IV presents some
preliminary concepts. These include a description of the canonical
modal transformation of the BACT system and a mathematical
descriptionof the stabilizing state-feedback control law that forms the
nucleus of the dynamic control law design. The definitions of null
controllable andasymptotically regulatable regionsarealsopresented
in this section. One design goal is the formation of domains of
attraction within a sufficiently large subset of the regulatable region.
SectionVaddresses this goal by presenting theorems on invariant sets
and themethod for the constructionof an invariant set thatwill beused
subsequently in control lawdesign. SectionVI presents the algorithm
fordynamic state-feedback control.Theoutput regulation control law
is extended in Sec. VII to the practical real-world case of output
regulation with dynamic error feedback. Section VIII presents a
numerical examplebasedupon theworst-caseopen-loopdynamics of
the BACTmodel. Numerical simulations demonstrate the sensitivity
of the error-feedback control law to the frequency content of the
external persistent disturbance, relative to the system aeroelastic
resonance frequency. Additionally, this section addresses the
robustness of the state-feedback and error-feedback control laws,
synthesized for the nominal worst-case open-loop dynamics and
subject to variations in the airflow dynamic pressure of open-loop
BACT plants and to unmodeled perturbations of the external fre-
quency content. The conclusions of Sec. IX summarize the main
results of this study and suggest directions for further research.

II. Problem Statement

This section summarizes the formulation of the problem of output
regulation with bounded control. It is based on the classical
formulation and results regarding the problem of output regulation
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for linear systems [16]. Consider the following linear system:

_x� Ax� Bu� Pw; _w� Sw; e� Cx�Qw (1)

The first equation of the system in Eq. (1) describes a plant with state
x 2 Rn and input u 2 Rm, subject to a disturbance represented by
Pw. The second equation describes the exosystem with system
matrix S for modeling the class of disturbances and references with
state w 2 Rr. The third equation describes the error e between the
actual plant output Cx and a reference signal �Qw. In the study of
theBACT system, it is assumed thatQ� 0,n� 8,m� 1, r� 2, and
e� Cx 2 R1.

It is well known that, under mild assumptions [13,16,17], the
output regulation problem in Eq. (1) is solvable if, and only if, there
exist matrices � and � that solve the linear matrix equations

�S� A�� B�� P; C��Q� 0 (2)

Given these mild assumptions, the following state transformation
is used to transform the output regulation problem into a stabilization
problem: let z� x ��w. Then _z� _x �� _w and, by making
appropriate matrix equation substitutions, the system in Eq. (1) can
be rewritten as

_z� Az� Bu � B�w _w� Sw e� Cz (3)

The output regulation of the linear system in Eq. (3) is subject to
control constraint u, belonging to the set of all admissible controlsU,
where U � fu 2 Rm: u is measurable, and

ju�t�j1 �max
i
jui�t�j � 1; 8 t 2 Rg (4)

The set U is a compact convex set with the origin in its interior. For a
given scalar �, define the set

�U � f�u: u 2 Ug

From the convexity of set U [13], if � 2 �0; 1�; u1 2 �U and
u2 2 �1 � ��U, then u� u1 � u2 2 U.

This property ofU is used in the construction of dynamic feedback
laws satisfying the solution criteria of the output regulation problem
in Eq. (3). The control action u�	� can be provided either by state
feedback or by output-tracking error feedback. The following are
necessary assumptions on the plant and exosystem [13]:

1) The system of matrix equations (2) has a solution ��;��.
2) The matrix S has all its eigenvalues on the imaginary axis and is

neutrally stable.
3) The pair �A;B� is stabilizable.
4) The initial state w0 of the exosystem is in the set

W 0 � fw0 2 Rr: �eStw0 2 �̂U; 8 t 
 0g (5)

for some �̂ 2 �0; 1� and W0 compact. Denote �� 1 � �̂. The
parameter � is used in the construction of the dynamic output
regulation control law. The solution trajectory of the exosystem is
w�t� � eStw0. It follows that �w�t� 2 �̂U � �1 � ��U 8 t 
 0 and,
by definition of U, j�wj1 � �̂.

Consider the connection of the system in Eq. (3) to a dynamic
output regulation control law:

u� g��; z;w�; g��; z;w� 2 U; _�� h��; z;w�
��0� � �0 (6)

where h and g are continuous real-valued functions,

�� �1
�2

� �
2 R2

and �0 is the initial value of �.
For the regulation problem in Eq. (3), the objective is to achieve

internal stability and output regulation. A feedback control action
u� f�z� achieves internal stability when the closed-loop system
with a zero-additive disturbance, disconnected from its exosystem, is

asymptotically stable. Output regulation is achieved when, for any
initial condition �z0;w0� of the plant and exosystem, the state z�t� of
the plant is bounded and, for any initial state �z0;w0�, sufficiently
close to the origin, e�t� ! 0 as t!1. The system in Eq. (3) is said
to be solvablewhen a dynamic controller u in Eq. (6) exists for which
the system achieves internal stability and output regulation. The
focus of this study is on the existence of solutions for system (3),
connected to a dynamic controller u, that satisfies the following
criteria: 1) trajectories that begin in an a priori-defined invariant set
remain bounded, and 2) the output error e converges asymptotically
to zero in an a priori-defined local invariant neighborhood of the
origin.

III. Benchmark Active Control Technology Model

The BACTwind-tunnel model is a rigid rectangular wing, with a
NACA 0012 airfoil section, equipped with a trailing-edge (TE) flap
control surface [2,3,14]. The wing is attached to a flexible mount
system that allows two rigid-body degrees of freedom: vertical
plunge displacement and pitch angle. The TE flap angle of deflection
is actuated via an electrical servomotor, for which the voltage input
serves as the system control input. The wing’s vertical acceleration
measurements are used for feedback control. In this study, a single
accelerometer is located at thewing shear center. The BACTmodel’s
ASEdynamic responsevarieswith the airflowdynamic pressureq. In
this study, it is modeled as a low-order SISO linear dynamic system
with the following state-space realization and with dynamic
pressure-dependent coefficients:

_x b � A�q�xb � B�q�ub yb � C�q�xb (7)

where

x b 2 R8-state vector u 2 R1-scalar control input

y 2 R1-scalar output

The first four states represent thewing’s vertical displacement and
pitch angle (xb1 and xb2) and generalized velocities (xb3 and xb4). The
fifth coordinate (xb5) models the aerodynamic state. The last three
states (xb6–x

b
8) model the third-order wing-flap electrical actuator

dynamics (which are invariant to the air flow dynamic pressure). The
entries of the BACT system matrices A�q�, B�q�, and C�q� were
evaluated using ZAERO software [18] for 24 air-density discrete
values ranging from 5 � 10�5 to 4 � 10�3 slug=ft3 at a constant air
flow velocity of 390 ft=s at Mach number 0.77. The dynamic
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pressure varies from548psi (plant 1) to 43,805 psi (plant 24). For low
dynamic pressure values, the system is open-loop stable; it gradually
becomes unstable as the dynamic pressure increases. Flutter
instability occurs for the first time at a dynamic pressure value of
24,093 psi, corresponding to plant 15. A conjugate complex pair of
poles gradually moves to the right of the complex plane. This Note
focuses on synthesizing a bounded control state feedback and an
output-tracking error-feedback regulator for the BACT system’s
most open-loop unstable working point, plant 24.

The BACT system is linearly controllable, and hence stabilizable,
for each pointwise constant dynamic pressure value. It is also a
nonminimum phase system, having a right-hand conjugate complex
pair of zeros, for which the real values increase with the airflow
dynamic pressure.

Figure 1 depicts the root locus mapping of the BACT open-loop
linearized dynamic model transfer function’s dominant poles
(denoted by x) and zeros (denoted by o) as a function of airflow
dynamic pressure.

In addition, the wing-flap servomotor dynamic model has a unity
dc gain, with three invariant high-bandwidth stable poles located at
�100,�92:6� 137:0j. Actual wing-flap servoactuators are usually
subject to simultaneous bounds on their output hingemoment, rate of
deflection, and effective bandwidth. In the case of the BACT system
under study, we consider bounds only on the control magnitude:
namely, on the actuator hinge moment bounds. Strict bounds on
actuator output rate, or its effective bandwidth, are eventually bounds
on the dynamic model’s intermediate states, and their consideration
is beyond the scope of this Note. Stabilization of dynamic systems
subject to such additional actuator constraints are treated, for
example, in chapter 14 of [12] and in [19,20].

IV. Preliminaries

The method of construction of continuous feedback laws for
BACT is based upon the fact that the nth-order (n� n1 � n2) plant
model has a second-order (n1 � 2) antistable subsystem A1 con-
sisting of a pair of complex eigenvalues and a stable sixth-order
(n2 � 6) subsystem A2. The open-loop BACT system, through coor-
dinate transformation matrix Tc, takes the canonical modal form

_x� TcAT�1c xc � TcBu�
A1 0

0 A2

" #
c

x�
B1

B2

" #
c

u� Acx

� Bcu; y� CT�1c x (8)

where A1c 2 R2�2, A2c 2 R6�6, B1c 2 R2�1, and B2c 2 R6�1 are
dynamic pressure-dependent submatrices of Ac 2 R8�8 and
Bc 2 R8�1. In this canonical modal form, the system dynamics are
expressed as two decoupled subsystems: an antistable subsystem
�A1; B1�c, with a state vector xa � �x1; x2�Tc , and a stable subsystem
�A2; B2�c, with a state vector xs � �x3; x4; x5; x6; x7; x8�Tc . In the
remainder of this Note, the canonical modal form is assumed, and the
canonical notation c will be omitted.

The antistable and stable subsystems are, respectively,

_x a � A1xa � B1u (9)

_x s � A2xs � B2u (10)

The 24 BACT plant models were put into the preceding canonical
modal form using MATLAB’s canon command. Reference [10]
applied the theory of [12] to establish the semiglobal stabilizability of
the higher-order (n� 8) BACT system in Eq. (8) under bounded
control. The algorithm for bounded control of the higher-order
system is detailed in [9].

A. Stabilizing State-Feedback Control

Output regulation of the full-order open-loop unstable BACT
system, under saturated control, is based upon the state-feedback
stabilization of its antistable planar subsystem within a bounded

domain of attraction. Consider the closed-loop antistable planar
subsystem

_x a � A1xa � B1sat�Fxa� (11)

The saturation function is defined as

sat �F0xa� � sign�F0xa�min�1; jF0xaj� (12)

whereF0 is a gain vector to be determined. It has been shown that the
origin is the unique equilibrium point of equation (11) [12].

The domain of attraction of the origin of Eq. (11) is defined as

S � fx0 2 R2: lim
t!1

��t;x0� � 0g (13)

where ��t;x0� is the unique solution of Eq. (11) for initial condition
x0. The boundary of the domain of attraction @S is determined by the
time-reversed dynamics

_� a ��A1�� B1sat�F0�� (14)

of the antistable subsystem. A full description of this derivation is
given in [12].

The stabilizing state-feedback control law forms the basis upon
which S and the dynamic output regulation control law are designed.
The control law is described as follows:

The state-feedback law

u��sat�F0xa� (15)

is said to be stabilizing if the feedback matrix �A1 � B1F0� is
asymptotically stable. The feedback gain F0 is computed by solving
the algebraic Riccati equation (ARE) for the positive definite 2 � 2
matrix P1:

AT1P1 � P1A1 � P1B1B
T
1P1 � 0 (16)

The ARE is associated with the minimum energy cost function:

J�
Z 1
0

uT�t�u�t� dt

The minimum energy gain is computed as F0 � BT1P1.

B. Null Controllable Region

For the BACT model under study, the size of the domain of
attraction in Eq. (13) of the antistable subsystem depends on the
choice of the stabilizing linear state-feedback control gain vector
kF0, k > 0:5. More conservative estimates of domains of attraction,
consisting of ellipsoids in the neighborhood of the equilibrium point,
have been derived for the BACT model in [10]. The construction of
conditionally large domains of attraction S�k� for a saturated linear
control applied to the antistable subsystem (10) is derived in [12]
using the concept of the null controllable region, which is defined as
follows.

Consider the general linear system under saturation control

_x� Ax� Bu (17)

where x 2 Rn and u 2 U in Eq. (4). The null controllable region C of
the system in Eq. (17) is defined as the set of states for which the state
trajectory x�t� satisfies the criteria that, if x�0� � x0 2 C and there
exists an admissible control u, then there exists a time T 2 �0;1�,
such that x�T� � 0. A state x0 is said to be asymptotically null
controllable if there exists an admissible control u, such that the state
trajectory x�t� of the system in Eq. (17) satisfies x�0� � x0 and

lim
t!1

x�t� � 0

The asymptotically null controllable region Ca is a relaxation of the
constraint on controllability of all poles and allows for the situation
where some poles are uncontrollable and stable.
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The analysis and design of feedback controllers for the BACT
model can be restricted to considerations of the null controllable
region of the antistable subsystem. Moreover, if �A;B� is con-
trollable, then C� Ca. These results follow from two properties
(proven in [12]):

1) If �A;B� is controllable and �A;B� is in canonical form, the set
C� C1 � Cn2 denotes the null controllable region of the system in
Eq. (17), where C1 is the null controllable region of the planar
antistable subsystem in Eq. (9), and the set Cn2 � Rn2 denotes the null
controllable region of the stable n2-order subsystem in Eq. (10).

2) If �A;B� is stabilizable and �A;B� is in the canonical modal
form, the set Ca � C1 � Cn2 denotes the asymptotically null
controllable region of Eq. (17).

The preceding characterization of the null controllable region can
be rephrased in terms of the reachable regionR for the time-reversed
system:

_���A� � B� (18)

The reachable region consists of all final states �f of state trajectory
��t� that are reachable at some time T 2 �0;1� for an admissible
control � and an initial state ��0� � 0. The boundary @C of the null
controllable region C is identical with the boundary @R of the
reachable regionR. This follows from the fact that the two systems in
Eqs. (17) and (18) have the same curves as trajectories but traverse in
opposite directions. The general characteristics and construction of
the reachable region are described in [12], and the specific con-
struction, in the case of the BACT model, for the case of complex
conjugate pairs of antistable eigenvalues, is described in [10].

The following property describes the relationship between the null
controllable region of the system in Eq. (17) and the domain of
attraction of the origin, which is the unique equilibrium point of the
system. It also establishes the semiglobal stabilization of the
antistable subsystem (9) by bounded linear feedback control.

Consider the closed-loop antistable subsystem

_x a�A1xa�B1u; u��sat�kF0xa� 2 U; u; k 2 R1 (19)

with gain kF0, where F0 � BT1P1, and the positive definite matrix P1

solves the ARE (16). It can be shown, using the infinite gain margin
property of LQR regulators [21], that the origin is a stable equilib-
rium of Eq. (19) for k > 0:5. Let S�k� be the domain of attraction of
the equilibrium x� 0 of Eq. (19). It can also be shown [12] that

lim
k!1

dist�S�k�; C� � 0 (20)

where dist�	� is the Hausdorff distance between the two sets.
Moreover, the boundary of the domain of attraction @S�k� is the
unique limit cycle of the planar antistable system in Eq. (19) and the
time-reversed system

_x a ��A1xa � B1sat�kF0xa� (21)

This limit cycle is a stable one for the system in Eq. (21) and an
unstable one for Eq. (19). Therefore, one can determine @S�k� by
simulating the time-reversed system in Eq. (21) for a given k > 0:5.

C. Asymptotically Regulatable Region

Consider the output regulation system in Eq. (3) and its connection
to the dynamic control law in Eq. (6). The asymptotically regulatable
regionRa

g is defined as the set of all �z0;w0� for which there exists an
admissible controlu�	�, such that the response of the system inEq. (3)
satisfies

lim
t!1

z�t� � 0

The regulatable region Rg is the set of all �z0;w0� for which a finite
time Tz0;w0

> 0 exists along with an admissible control u, such that
z0 � 0 for all t > T. Denote the time response z�t� to the initial state
�z0;w0� as z�t; z0;w0�, and define

S zw :� f�z0;w0� 2 Rn �W0: lim
t!1

z�t; z0;w0� � 0g

Szw is the set of initial conditions where output regulation is
achieved. The set Szw is a subset of the asymptotically regulatable
regionRa

g. A design objective is to design a control law such thatSzw
is as large as possible, or as close toRa

g as possible.
Assume that V 2 Rn�r is the unique matrix solution of the

generalized Lyapunov equation:

� AV � VS��B� (22)

for the coefficient matrices A, B, and S of the plant and exosystem in
Eq. (3). V can be partitioned, given the canonical decomposition of
the BACT model in Eq. (8), as

V � V1

V2

� �
(23)

with V1 satisfying the equation

� A1V1 � V1S��B1� (24)

The assumption that a unique solution V exists holds when A and S
have no common eigenvalues [13]. This assumption is satisfied for
the output regulation problem described in the numerical example of
this study. The matrix S is chosen to have imaginary eigenvalues,
thus guaranteeing the uniqueness of solution matrix V. The asymp-
totically regulatable regionRa

g of the system (3) is equivalent to the
cross productRg1 � Rn2 , whereRg1 is the regulatable region of the
planar antistable subsystem

_z 1 � A1z1 � B1u � B1�w _w� Sw (25)

Reference [13] states and proves the following relationship between
the regulatable and null controllable regions:

R g1 � f�z10 ;w0� 2 Rn1 �W0: z10 � V1w0 2 C1g (26)

The relationship between the null controllable region and the
regulatable region is used in Sec. VI to define the set of points
belonging to the domain of attraction S (S 
 C1) for the antistable
subsystem in Eq. (25) that can be embedded as a subset of Szw for
achieving the output regulation of the full eighth-order system in
Eq. (3).

V. Output Regulation Control Law Design

Thefirst step in creating a dynamic controller that solves the output
regulation problem of the plant and exosystem in Eq. (3) is the
construction of a continuous stabilizing feedback control law
u� f�v�, f: Rn ! U 2 Rm and the construction of the origin’s
domain of attraction S�k�, for a suitable k > 0:5 of the closed-loop
system

_v� Av� Bf�v� (27)

where v is a general n-dimensional state vector. It is assumed in this
first step that S�k� 
 Ca.

The next step is the construction of a bounded invariant set
SI 
 S�k� that contains the origin in its interior and guarantees that a
trajectory v�t� of the system, subject to a bounded disturbance �,

_v� Av� Bf�v� � �; j�j1 � d0 (28)

for some positive number d0, will go to zero under a continuous
bounded control u for every v�0� 2 SI, as long as

lim
t!1

��t� � 0

In this step, it is assumed that SI is a bounded invariant set that
contains the origin in its interior. The assumptions on the existence of
a stabilizing state-feedback law and an invariant set SI are formally
stated in [11,13].
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For the open-loop BACT system in Eq. (8), construction of the
state-feedback control law and the invariant setSI are restricted to the
planar antistable subsystem in Eq. (9), since the Hurwitz stability of
matrix A2 in Eq. (10) implies, for the stable subsystem with bounded
control �u � �w�, bounded-input/bounded-output stability.

A. Construction of Invariant Set SI

Invariant and strictly invariant sets are the building blocks for
achieving semiglobal stabilization of linear systems with saturation
control. Reference [11] illustrates the construction of invariant sets
for the problem of output regulation of the BACT plant and
exosystem under saturation state-feedback control with additive
disturbance�w. A set inRn is considered invariant if any trajectory of
the closed-loop system underw starting from the set remains in it for
any w, such that jwj2 � 1 [22]. For the purpose of disturbance
rejection, a small invariant setSI containing the origin in its interior is
preferred, so that a trajectory starting from a sufficiently small
neighborhood of the origin will stay close to the origin.

In this section, sufficiency conditions are stated for an ellipsoid
	�P; ��, defined as the set fx: xTPx � �g, for a given positive
definite matrix P and a scalar � > 0, to be an invariant set for the
following closed-loop dynamic system with a bounded linear state-
feedback control u� Fx for some gain matrix F and bounded
disturbance w:

_x� Ax � Bsat�Fx� � Ew (29)

where�sat�	� is the standard saturation function in Eq. (12) andE is a
disturbance coefficient matrix. In the context of this study, the
disturbance matrix E��B� in Eq. (3).

Specifically, for the BACT model under study and a known gain
matrix F, the following theorem gives sufficiency conditions for an
ellipsoid SI � 
�P; �� to be a (strictly) invariant set of the closed-
loop system in Eq. (28).

Theorem 1 (Invariance) [22]: Assume that the bounded
disturbance w belongs to the set

W � fw: w�t�Tw�t� � 1 8 t 
 0g

For a given initial state x0 and w 2W, denote the state trajectory of
the closed-loop system in Eq. (29) underw as �t;x0;w�. For a given
set 
�P; �� and feedback gain matrix F, if there exist an auxiliary
feedback gain matrix H 2 R1�n and a positive number �, such that

�A � BH�TP� P�A � BH� � 1
�
PEETP� �

�
P � 0�<0�

�A � BF�TP� P�A � BF� � 1
�
PEETP� �

�
P � 0�<0� (30)

and


�P; �� 
 L�H� � fx 2 Rn: � 1<Hx< 1g

then 
�P; �� is a (strictly) invariant set for the system in Eq. (29). The
sufficiency conditions of Theorem 1 are satisfied in the construction
of the invariant set SI , as presented in the numerical example of this
study.

B. Construction of Domain of Attraction S�k; ��

A design objective is the boundedness of the trajectories that solve
the output regulation problem for some set of initial states, where the
set may be as large as possible. This requires a large domain of
attraction of the equilibrium point of the closed-loop system in
Eq. (27).

SectionVIII presents a numerical example forwhich the saturation
control law f�v� � �sat�kF0���v� allows for a fixed disturbance
� > 0, where F0��� � �B1P���, and P��� is the unique positive
definite solution of the ARE:

AT1P��� � P���A1 � P���B1B
T
1P��� � �I � 0 (31)

Denote the set S�k; �� as the domain of attraction of the origin of the
antistable subsystem:

_v� A1v � B1sat�kF0���v� (32)

The domain of attraction S�k; �� serves in the general analysis as an
invariant set for the system in Eq. (27), such that all trajectories
beginningwithin it are asymptotically bounded.Moreover, S�k; �� is
a continuous function of k and, as k increases, S�k; ��moves closer to
the boundary of the null controllable region.

VI. Output Regulation with State Feedback

Define

Dzw � f�z;w� 2 Rn �W0: z � Vw 2 Sg (33)

where S [e.g., S�k� for a suitable k] is the domain of attraction of the
origin of the nth-order closed-loop system:

_v� Av� Bu; u� f�v� (34)

A design objective is to construct the output regulation control law in
Eq. (6), such thatDzw 
 Szw. This would ensure thatDzw is a subset
of the initial conditions that solve the system of output regulation
equations (3). This is accomplished by an appropriate choice of
stabilizing state-feedback control lawu� f�v�. It would then follow,
by the definition of Rg1 in Eq. (26), that if S � Ca, then
Dzw � Szw � Rag. A control law satisfying this requirement is chosen
in the following manner.

Consider a simple feedback law u� f�z � Vw�. In [13], it is
shown that Dzw is an invariant set for the closed-loop system

_z� Az� Bf�z � Vw� � B�w _w� Sw (35)

Furthermore, for all �z0;w0� 2 Dzw,

lim
t!1
�z�t� � Vw�t�� � 0

This implies thatDzw 
 Szw, and z�t� approaches �1�t�Vw for �1, a
continuously decreasing variable.

The dynamic state-feedback control law is stated as

u� g��; z;w� � �1 � �1��w� �2f
�
z � �1Vw

�2

�

_�1 �
� 0 if z��1Vw

�2
2 S n SI

���1 if z��1Vw
�2
2 SI

_�2 �
� 0 if z��1Vw

�2
2 S n SI or �2 � �

���2 if z��1Vw
�2
2 SI and �2 > �

�1�0� � 1; �2�0� � 1 (36)

where the parameter �2 is introduced to prevent any possible
singularities. The parameter � is chosen to satisfy the necessary
assumptions on the plant and exosystem (5). The parameter �
belongs to the interval �0; �0�, where �0 is specified as

�0 � inf
w2W0;v2SI

d0
jVwj1 � jvj1

(37)

where d0 satisfies the conditions of Eq. (28).
The following theorem, as proven in [13], offers an efficient

method for simulating the linear system in Eq. (3) with the dynamic
control law in Eq. (36). This method will be demonstrated in the
numerical example of the BACT model in Sec. VIII.

Theorem 2: Consider the connection of the system in Eq. (3) with
the controller in Eq. (36). Let � be chosen from the interval �0; �0�.
Then, for all �z0;w0� 2 Dzw,

lim
t!1

z�t; z0;w0� � 0

That is, Dzw 
 Szw.
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The numerical algorithm derived from Theorem 2 relies upon the
following transformation of the closed-loop system:

_z� Az� �2Bf
�
z � �1Vw

�2

�
� �1B�w (38)

Letting v� �z � �1Vw�=�2 and assuming that V satisfies the
generalized Lyapunov equation (22), the closed-loop system
becomes

_v� Av� Bf�v� �
�
_�1
�2

�
Vw �

�
_�2
�2

�
v (39)

It follows that, if v0 2 S n SI , then _�1 � _�2 � 0, and _v�
Av� Bf�v�. It can be shown that, for some time t1, v�t1� will
enter the invariant set SI and, for v�t� 2 SI, t 
 t1, the disturbance is
bounded, and v�t� ! 0 as t!1. In the numerical example, the
dynamic controller is expressed in terms of the planar antistable
subsystem, where z1 and V1 are solutions of Eqs. (25) and (24),
respectively.

VII. Output Regulation with Error Feedback

As shown in the previous section, the basis for output regulation
control law design is the stabilizing state-feedback control u� f�v�.
A practical application of output regulation to aeroelastic flutter
suppression requires themodification of the output regulation control
law in Eq. (36) to allow for the construction of observers ��z; �w� that
estimate the states �z;w� of the systemwhen only the output response
error is available for feedback.

Consider the output regulation problem of the linear system in
Eq. (3). The following observer is used to reconstruct the states z and
w of the nth-order system:

_�z� A�z� Bu � B� �w � L1�e � C�z� _�w� S �w � L2�e � C�z�
(40)

where e� Cz is the measured output response error for a reference
signal �Qw. The observer gain vector L� �L1:L2�T. Letting
~z� z � �z, ~w� w � �w, the composite system becomes

_z� Az� Bu � B�w; _w� Sw
_~z
_~w

� �
� A� L1C �B�

L2C S

� �
~z
~w

� �
(41)

Also, without loss of generality, we assume that the pair

� �C; �A� � �C 0 �; A �B�
0 S

� �� �
(42)

is observable. As in the case of state feedback, it is assumed that the
system matrix A consists of an antistable planar subsystem A1 and a
stable subsystem A2 and that �A1; B1� is stabilizable.

Based upon the state of the observers ��z; �w�, the dynamic control
law is stated as [13]

u� g��; �z; �w� � �1 � �1�� �w� �2f
�
�z � �1V �w

�2

�

_�1 �
� 0 if �z��1V �w

�2
2 S n SI

���1 if �z��1V �w
�2
2 SI

_�2 �
� 0 if �z��1V �w

�2
2 S n SI or �2 � �

���2 if �z��1V �w
�2
2 SI and �2 > �

�1�t� � 1; �2�t� � 1; t 2 �0; T0� (43)

where the value of T0 is to be specified, and the decay parameter � is
defined as follows:

�0 � inf
w2W0;v2SI

d0
2�jVwj1 � jvj1�

(44)

where the parameter � is chosen on the interval �0; �0�, and d0
satisfies the conditions of Eq. (28). The parameter � is chosen to
satisfy the necessary assumptions on the plant and exosystem (5).

Let

v � ��z � �1V �w�
�2

(45)

The closed-loop system for dynamic error-feedback control becomes

_v� Av� Bf�v� �
�
_�1
�2

�
Vw �

�
_�2
�2

�
v�

�
_�1
�2

�
V ~w

� L1 � �1VL2

�2
C~z (46)

Reference [13] shows that, under the assumptions that define a
saturation control lawu� f�v�, an invariant setSI , and by the choice
ofL such that the estimation error is sufficiently small afterT0, and by
constraints placed on the l1 norms of observer gains and the
continuously decreasing�1 and�2, that the last four terms of Eq. (46)
will go to zero once the trajectory v�t� enters the invariant set SI .
Thus, v�t� ! 0, and �z � �1 �w, �z, and z approach zero as t!1.

The following lemma establishes the relationship between the
parameter T0 in the control law in Eq. (43) and the observer gain
vector L.

Lemma 1 [13]: Denote

~A� A� L1C �B�
L2C S

� �
(47)

Given any positive numbers T and �, there exists an L such that

maxfje ~Atj; jLj 	 je ~Atjg � � 8 t 
 T (48)

where e
~At is the solution of the observer error matrix equation (41),

and j 	 j is any matrix norm.
OnceT0 is chosen, based upon Lemma 1, it is possible to construct

an observer vector L, such that the observer error after T0 is as small
as desired. This result enables the construction of observers, such that
the performance of error-feedback control closely approximates the
performance of state-feedback control. A complete in-depth deriva-
tion of the theory of output regulation with error feedback can be
found in [13].

VIII. Numerical Example

This section presents an application of the underlying theory of
output regulation with bounded continuous feedback control to the
problem of flutter suppression, with external disturbance rejection,
for BACT plant 24 and for plant models synthesized with nominal
plant 24 parameters.

A. Model of Benchmark Active Control Technology System

Consider the following canonical modal state-space realization of
BACT plant 24:
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_x� Ax� Bu� Pw� A1 0

0 A2

� �
x� B1

B2

� �
u� P1

P2

� �
w y � e� Cx� �C1 : C2 �x

A� A1 0

0 A2

� �
�

1:5427 23:0449 0 0 0 0 0 0

�23:0449 1:5427 0 0 0 0 0 0

0 0 �4:1153 16:8314 0 0 0 0

0 0 �16:8314 �4:1153 0 0 0 0

0 0 0 0 �14:8119 0 0 0

0 0 0 0 0 �100 0 0

0 0 0 0 0 0 �92:57 136:948
0 0 0 0 0 0 �136:948 �92:57

2
66666666664

3
77777777775

B� B1

B2

� �
�

�1823:51888
239:445

� � � � � � �
409:586
�771:63679

1:549
�1452878:399
1279858:07
�3763625:59

2
6666666666664

3
7777777777775
	 jusatj; jusatj � 0:4

C� �C1 : C2 � � � 0:6262 9:2761 : �1:6490 6:7307 �5:7457 �0:5345 0:59398 �0:01531 � (49)

The eighth-order state vector x of the original (noncanonical)
system consists of two coordinates: the BACT wing vertical
displacement and pitch angle [x1 (ft) and x2 (rad)], their time
derivative velocities [x3 (ft=s) and x4 (rad=s)], one aerodynamic state
(x5), and three actuator states �x6; x7; x8�. The control u is the hinge
moment produced by the wing TE flap servoactuator. In this
numerical example, itsmagnitude is bounded by jusatj � 0:4�lbf 	 ft�.
Because of the unity d.c. gain of the actuator dynamic model, this
saturation value corresponds to a d.c. bound of 0.4 rad (22.9 deg) of
the wing TE flap angle of deflection. To satisfy the requirements of a
unity saturation function in Eq. (12), the control bounds are scaled by
this saturation level, such that its normalized constraint set is
U � ��1; 1�. With Q� 0, in the linear matrix equations (2), �� 0
and, in the BACTmodel in Eq. (49),P��B�. The vector� is given
by

�� ��0:3; 0:2; � 0:1; 0:4�

� was chosen so that an invariant set SI could be constructed to
satisfy the assumptions placed upon it in the generalized Eq. (28) and
the sufficiency conditions of Theorem 1. Applying the necessary
assumption in Eq. (5) over the bounds on the additive disturbance,
j�wj1 � 0:7722 � �̂U, for �̂� 0:8 and �̂ 2 �0; 1�. Hence,
�� 1 � �̂� 0:2.

The design objective is to reject the disturbance Pw, where w has
two frequency components of 4 and 10 rad=s. That is, for the
exosystem _w� Sw,

S�

0 �4 0 0

4 0 0 0

0 0 0 �10
0 0 10 0

2
664

3
775 (50)

The state of the exosystem

w �t� � �cos�4t�; sin�4t�;� sin�10t�; cos�10t��T

The matrix A has one complex conjugate pair of antistable
eigenvalues 1:5427� 23:04i. The matrices for the planar antistable
subsystem are

A1�
1:5427 23:045
�23:045 1:5427

� �
; B1�normalized�� �729:41

95:777

� �

C1��0:6262 9:2761 � (51)

The state z2 2 R6 of the stable subsystem

_z 2 � A2z2 � B2u � B2�w; _w� Sw (52)

is bounded under any bounded input u � �w. Hence, z2�t� will
converge to the origin as the combined input goes to zero. Therefore,
one need only consider the design of feedback control laws for the
antistable subsystem in Eq. (25), with the output-tracking error
defined as

e� C1z1 (53)

The next step in controller design, for either state or error feedback, is
to solve for V1, the unique solution of the matrix equation

� A1V1 � V1S��B1� (54)

Matrix V1 is used in the evaluation of the antistable subsystem’s
regulatable region according to the definition in Eq. (26). Solving the
Lyapunov equation (54),

V1 �
3:0676 0:33036 7:3636 �1:9167
9:3475 �6:8849 1:8405 �15:728

� �
(55)

B. Construction of State-Feedback Control Law

A stabilizing state-feedback control law u� f�v� is constructed
for the antistable system

_v� A1v� B1u (56)

where the state vector v 2 R2. For � > 0, letP��� be the solution of the
ARE

AT1P��� � P���A1 � P���B1B
T
1P��� � �I � 0 (57)

with the stabilizing closed-loop system gain F0��� � BT1P���. Solve
Eq. (57) for � > 0 to ensure some degree of disturbance rejection. As
a result of the limiting relationship between the domain of attraction
and the null controllable region (20), as �! 0 and k!1, the
domain of attraction S�k; �� of the origin of the system

_v� A1v � B1sat�F1v�; F1 � kF0��� (58)

approaches the boundary of the null controllable region C1 of the
system in Eq. (56). Choosing �� 0:02 and k� 100, the gain is
computed as

F 1 � kF0��� � ��13:683; 16:805� (59)
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The matrix solution P��� of the ARE (57) is

P��� � 1:929 � 10�4 4:063 � 10�5

4:063 � 10�5 2:0641 � 10�3

� �
(60)

Let

u� f�v� � �sat�F1v� (61)

Solving the inequalities in Eq. (30) of Theorem 1 (invariance)
with solution matrixP���, �� 0:02, �� � 0:035,H � ��0:028158;
0:20748�, and E� B1�, the set

S I � 
�P��� 0:02�; ��� � fv 2 R2: vTP���v � ��g

satisfies the conditions of Theorem 1, such that SI is an invariant set
for the system

_v� A1v � B1sat�F1v� � B1�w�t�;
jB1�w�t�j1 � d0 � 637:21

(62)

where

S I 
 L�H� � fv 2 R2: � 1<Hv < 1g
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Applying the definition of �0 in Eq. (37), the following norms are
computed: jV1wj1 � 33:924 and jvj1 � 11:535; the resulting
�0 � 14:017. In the following simulations, the control parameters
� � 14:0 2 �0; �0� and �� 1 � �̂� 0:2.

For the eighth-order BACT model under study, with z� x ��w
and �� 0, the initial coordinates in canonical modal form

z �0� � x�0� � ��90; 180; 0; 0; 0; 0; 0; 0�T (63)

correspond to the following initial coordinates of the original BACT
system in Eq. (8):

x b�0� � ��7:9734 �ft�; 0:2216 �rad�; �89:296 �ft=s�; 23:293 �rad=s�; �4:4863 � 10�3; 0; 0; 0 �T

C. Construction of Error-Feedback Control Law

In the simulations of output regulation with error feedback, the
observer gain vector L is constructed using the MATLAB place

command along with the transposed matrices �� �CT; �AT� of Eq. (42)
and the following set of six pairs of complex conjugate eigenvalues
p:

��15� 3i;�12� 6i;�9� 9i;�9� 3i � 7:5� 4:5i;�6� 1:5i�

The observer gain vector

L� �L1 : L2 �T � �f�0:06361 �0:040372 0:042067 0:036751 �7:1456 � 10�5 �20:941 300:44 85:968 g:
f�1:0672 � 10�3 5:3047 � 10�3 �1:7534 � 10�3 1:413 � 10�3 g�T (64)

The error estimation convergence time T0 � 3 s. The decay
parameter �0 � 6:6514 and � 2 �0; �0� is set equal to 6.5. The
control law is expressed as

u� f�v� � �sat�F1v�; v�t� � �z1 � �1V1 �w

�2
(65)

D. Simulations of State- and Error-Feedback Control

In the numerical simulations of output regulation with dynamic
state feedback and dynamic error feedback, the respective closed-
loop systems in Eqs. (39) and (46) are expressed in terms of the
antistable subsystem in Eq. (25), with the state trajectory defined as
v� �z1 � �1V1w�=�2. Figure 2a shows the boundary of the domain
of attraction @S � @S�k; �� and the boundary of the null controllable
region @C for the antistable system in Eq. (56). A trajectory v is
plotted for the closed-loop system with dynamic state feedback
(dashed line) and for the closed-loop system with continuous error
feedback (solid line). Figure 2a also compares these trajectories with

the trajectory of the stabilizing state-feedback control law in Eq. (65)
connected to the antistable subsystem in Eq. (25) and disconnected
from the exosystem _w� Sw (dashed–dotted line). For the initial
condition,

�z0;w0� � ��90; 180; 1; 0; 0; 1�Dzw; v0 � z0 � V1w0

� ��91:15 186:38 �TS

The initial condition v0 is indicated by a circle.

Figure 2b depicts the trajectories of Fig. 2a entering the invariant
set SI � 	�P���; ���, with �� 0:02 and �� � 0:035, displayed as the
solid closed ellipse. The two parallel solid straight lines in the figure
indicate the boundaries of the domain of attraction of the linear
feedback control: L�H� � fv 2 R2: � 1<Hv < 1g, L�H� � SI .
The trajectory that represents the state-feedback control (dashed line)
enters the ellipse at time t0 � 1:476 s, while the trajectory under error
feedback (solid line) enters it at time t0 � 1:872 s.
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Figure 3 illustrates the l2 norm of the observer full-order state
errors j~zj2 (top) and j ~wj2 (bottom) for output regulation using error
feedback for plant 24. At T0 � 3 s,

�j~zj2; j ~wj2� � �11:44; 4:6 � 10�3�

and, thereafter, the l2 norms converge asymptotically to zero.
Figure 4 compares the control effort under output regulation for

error feedback in Eq. (46) (solid line) and state feedback in Eq. (39)
(dashed line) for plant 24. In addition, it compares the stabilizing
state-feedback saturation control law inEq. (65) (dashed–dotted line)
for the closed-loop subsystem disconnected from the exogenous
disturbance model.

The initial phase of saturated bang–bang control behavior
corresponds to the initial phase for which the trajectory v 2 S n SI
and _�1 � _�2 � 0. Satisfying these conditions, the dynamic state-
feedback control law in Eq. (36) reduces to the linear saturated
control

u� g��; z;w� � f�z � V1w� � f�v�

Once the trajectory enters the invariant set SI , the parameters �1, and
�2 decay exponentially with the decay parameter � � 14 and �2
bounded from below by �� 0:2. The control effort is

u� g��; z;w� � �1 � �1��w� f�v�

with v� �z � �1V1w�=�. As v and �1 converge to zero, the control
effort converges to a nonsaturated pure external disturbance rejection
control u� �w.

The control effort for the error-feedback control law in Eq. (48)
(solid line) exhibits similar qualitative behavior while delaying the
exponential decay of the parameters �1 and �2; asymptotic
convergence of the observer state estimation errors begins at
T0 � 3 s, as predicted by the design constraints.

Figure 5a plots the antistable subsystem tracking error e� C1v1 of
error-feedback (solid line) and state-feedback (dashed line) controls.
Figure 5b shows the corresponding tracking error e� Cz for the full
eighth-order system for initial conditions z0 � ��90; 180; 0;
0; 0; 0; 0; 0�T , w0 � �1; 0; 0; 1�T , and �0 � �1:0; 1:0�T . Similar
regulation performance is observed for the two control laws.

E. Performance Sensitivity to External Disturbance Frequency

This section examines the sensitivity of output regulation
performance to the deterministic variations of the exogenous external
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Table 1 State-feedback synthesis of BACTplant antistable subsystems

Plant index Dynamic
pressure, psi

Open-loop
eigenvalues

Closed-loop
synthesis

24 43,805 1:5427� 23:045i �20:311, �11567
23 41,615 1:4799� 23:207i �19:837, �29416
15 24,093 1:4799� 23:207i �46:17, 17530
1 548 �0:028553� 210:18i �61:036, �4316:1
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periodic disturbance frequency content in Eq. (50). These variations
are examined for BACT plant 24 operating under both state- and
error-feedback control. According to saturated state-feedback
control theory, any periodic disturbance for which the norm is
bounded by j�wj1 � �̂, for some �̂ 2 �0; 1�, such that �w�t� 2 �̂U,
8 t 
 0, can be rejected, regardless of its frequency content [13]. For
the error-feedback control case, the situation becomes more
complex, since the estimation errors ~z and ~w of the full-order
composite system in Eq. (41) should be bounded. For an observable
system, an asymptotically stable observer gain vector L can always
be found. However, due to the composite closed-loop system’s initial
estimation error’s dynamic amplification effect, which occurs for
disturbances with frequency content close to or above the system’s

aeroelastic resonance frequency, the system’s closed-loop response
may exceed the boundarySzw of the system’s regulatable region, and
hence finally diverge.

Figure 6 depicts the frequency response of the full-order open-
loop plant’s acceleration output to the periodic external disturbance
input for �� ��0:3; 0:2; � 0:1; 0:4� and w0 � �1; 0; 0; 1�T .

Because of its acceleration output, the open-loop plant exhibits
high-pass filter characteristics, with a dominant lightly damped
aeroelastic resonance frequency located at 23:1 rad=s, correspond-
ing to the plant’s antistable complex pole at s� 1:5427� 23:045i.

Figure 7 examines the performance sensitivity of the closed-loop
system to the external disturbance’s relative frequency content.
Numerical simulations determine the l2 norm of the boundary @Szw
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Fig. 8 Performance of closed-loop systems synthesized with nominal plant parameters.
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Fig. 9 Comparison of performance of plant 24 with disturbance matrices SN and 1:6SN .

J. GUIDANCE, VOL. 33, NO. 6: ENGINEERING NOTES 1961



of the antistable subsystem’s asymptotically regulatable region,
@v0�kw� � @�z0 � V1�kw�w0�, as a function of the disturbance
frequency content, using the state-feedback gain F1 in Eq. (59) and
the initial condition w0 � �1; 0; 0; 1�T . The nominal disturbance
state matrix S [Eq. (50)] was multiplied by kw, which varied in the
range 0:1 � kw � 10. Figures 7a and 7b compare l2 norms for state-
feedback and error-feedback controls as a function of the external
disturbance relative frequency content factor kw. Figure 7a depicts
the maximum l2 norm of v0�kw�, for which the system achieves
output regulation using state-feedback (dashed line) and error-
feedback (solid line) controls. This is equivalent to the l2 norm of
@Szw. The l2 norm of @S � @S�k; �� (dashed–dotted line) is also
shown in the figure. The circle denotes the nominal simulation value
jv0�kw � 1�j2. Figure 7b depicts the corresponding max jz0�kw�j2

graphs, where z0 � v0 � V1�kw�w0��x0�. The figures indicate that
the regulatable region for state-feedback control is insensitive to the
frequency content of the external disturbance, while the regulatable
region for error-feedback control diminishes to zero for disturbance
with frequency content close to or above the system’s aeroelastic
resonance frequency.

F. Robust Performance Considerations

This section examines the robustness of output regulation relative
to unmodeled system parameter variations. Because of modeling
uncertainties, and due to variation of BACT open-loop dynamics
with airflow dynamic pressure, precise knowledge of the system
plant and the external disturbance parameters cannot be assumed.
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Fig. 10 Plants 24, 23, 15, and 1 closed-loop trajectories and tracking errors under nominal control and estimation parameters.

1962 J. GUIDANCE, VOL. 33, NO. 6: ENGINEERING NOTES



Numerical simulations demonstrate the degrees of robustness for
both state feedback and error feedback. The control parameters used
in the synthesis of the worst-case nominal plant 24 are applied to a
variety of other working setpoints: plants 23 and 15 (open-loop
unstable) and plant 1 (open-loopmarginally stable).We also examine
the effect of unknown multiplicative perturbation of the external
disturbance frequency content on the regulation performance of
plant 24.

1. State-Feedback Synthesis

Linear state-feedback stabilization is a necessary condition for
saturated control regulation. Table 1 details the open-loop and
closed-loop eigenvalues of antistable subsystems for BACT
plants 24, 23, 15, and 1. The eigenvalues are ordered by descending
dynamic pressure setpoints, as obtained by applying the linear state-
feedback gain vector F1 in Eq. (59), synthesized for the nominal
plant 24. One can see that, for the nearest high dynamic pressure and
the lowest dynamic pressure setpoints, 23 and 1, respectively, we
obtain highly stable and damped closed-loop linear subsystems
while, for the medium-range dynamic pressure setpoint 15, we get a
highly unstable closed-loop subsystem. These results are reasonable,
since no robustness considerations were taken into account while
synthesizing F1.

Figure 8 compares the control efforts (Fig. 8a) and the tracking
errors e� C1z (Fig. 8b) of the antistable closed-loop synthesis of
plants 1, 15, and 23 with the nominal plant 24 parameters that are
described in Secs. VIII.A and VIII.B.

These parameters include the state-feedback gainvectorF1 and the
parameters that describe the invariant ellipse SI: the matrix solution
P��� of theARE (57),V1, the solution of the Lyapunov equation (54),
and the parameters �� 0:02 and �� � 0:035. The initial conditions
of the output regulation problem, z�0� � x�0� and w�0�, are also
preserved. Figure 8b describes the closed-loop stable and asymptotic
convergent behaviors of plants 24, 23, and 1 with respect to their
tracking errors under state feedback. Plants 24 and 1 have similar
closed-loop dynamic response, while plant 23 is considerably more

stable and damped. The trajectory va�t� of plant 23’s antistable
subsystem enters the invariant set SI at 0.354 s, while the entrance
times of plants 1 and 24 are 1.322 and 1.476 s, respectively. One can
also observe that the marginally open-loop unstable plant 15 is not
stabilized under the nominal plant 24 state-feedback control
parameters, as has already been predicted by the preceding linear
analysis.

The next set of simulations examines the robustness of output
regulation under state feedback of plant 24 as it relates to the
frequency content perturbation of the external periodic disturbance
w�t�. Nominal control parameters, including matrix V1�S� in
Eq. (55), based on the nominal S matrix in Eq. (50), are used in the
simulations described in Fig. 9. The closed-loop control effort
(Fig. 9a) and tracking error (Fig. 9b) are depicted for the cases of a
matched external disturbance frequency content SN � S (dashed
line) and of an unmatched disturbance with SP � 1:6SN (solid line).
The figure shows that, up to the upper limit of the unmatched
multiplicative perturbation matrix SP, the state-feedback regulator
with the nominal bounded control parameters stabilizes and regulates
the system output, accompanied by a small delay in the time of
entrance into the invariant set SI . The closed-loop control signal
asymptotically cancels the actual measured external disturbance
effect �w�t�. For a higher level of unmatched frequency content
perturbation, the closed-loop system is not regulatable with these
nominal control parameters and initial conditions due to the
unmatched matrix V1�SN�.

2. Error-Feedback Synthesis

Error-feedback synthesis consists of using the nominal models of
the plant and exosystem in the observer equations (45) for
reconstruction of their full-order state vectors. This is in contrast to
the state-feedback case, in which the actual states of the system and
exosystem are available for feedback. Let N and R indices represent
the nominal and the real plant and exosystem under consideration,
respectively. Assume that disturbance matrices S and � are the
nominal parameters that have been previously defined, and let a
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represent the state vector of the antistable subsystem. The equations
for control synthesis under error feedback of the real plant based
upon the nominal system parameters are as follows:

Denote

�vaN �
��zaN � �1V1N

�wN�
�2

uN � g��; �zN; �wN� � �1 � �1�� �wN � �2f��vaN � (66)

where f��vaN � � �sat�F1N
�vaN �. The full nth-order system nominal

plant observers are constructed as

_�z N � AN �zN � BN�uN � � �wN� � L1N
�e � CN �zN�

_�wN � S �wN � L2N
�e � CN �zN� (67)

where e� CRzR. The equations for the reconstructed states are

_zR � ARzR � BR�uN � �wR�; zR�0� � z0

_wR � SwR; wR�0� � w0 (68)

Figure 10a shows the closed-loop trajectories va�t� of the antistable
subsystem under error feedback of the following BACT plants: 24
(dashed–dotted line), 23 (solid line), 15 (dotted line), and 1 (dashed
line), using plant 24 nominal control and estimation parameters and
observer dynamic model. The state-feedback gain F1 is given by
Eq. (59), and the observers gains L are given by Eq. (64). The set SI
remains invariant under error-feedback synthesis of plant 24 param-
eters. The convergence time parameter of the control estimation error
is T0 � 3 s. In these simulations, the external disturbance matrix S is
the nominal one, given by Eq. (50). Initial conditions for the eighth-
order error-feedback synthesis are the same as detailed in Eq. (63).
Figures 10b and 10c show the corresponding antistable subsystem
closed-loop tracking error, e1 � C1R

z1R , and the full system tracking
error, e� CRzR, respectively. One can observe the similarity
between the closed-loop dynamic response for these various plants
under error feedback and their corresponding response under state
feedback in Fig. 8. The major difference is the slower tracking error
convergence obtained under error feedback for the closed-loop stable
plants 24, 23, and 1, due to the initial estimation error’s convergence
phase. One can also observe, prior to convergence, the initial
nonasymptotic dynamic response of plant 23.

Thefinal set of simulations describes robustness characteristics for
the output regulation of plant 24 under error feedback for a
nonnominal unmatched model of the external disturbance frequency
content. Figure 11 shows the closed-loop trajectories of the antistable
subsystem for the nominal disturbance matrix SN � S in Eq. (50)
(dashed line) and for a slightly mismatched multiplicatively
perturbed frequency disturbance matrix SR � 1:1SN (solid line).
Figure 11b shows that, for the unmatched frequency content
perturbation case, the set SI is no longer invariant with respect to a
trajectory starting within the domain of attraction S � S�k; ��. The
closed-loop trajectory v�t; v0;w0� approaches, at first, the origin and,
for a short time period, it also enters the ellipsoid SI , but it finally
converges into a stable periodic limit cycle outside the ellipsoid. This
asymptotic periodic limit cycle response exists for any level of
unmatched multiplicative frequency content perturbation under
error-feedback control, up to this small upper limit value SR. For a
perturbation greater than SR, the closed-loop system is unstable.
Figure 12 shows the corresponding effect on the control effort
(Fig. 12a) and tracking error (Fig. 12b).

IX. Conclusions

This study deals with flutter suppression and output regulation
under bounded control for the nonminimum phase aeroelastic BACT
model. Previous work demonstrated the construction of the system’s
domain of attraction and a continuous stabilizing state-feedback
control law for achieving this goal. This Note extends previous work
to the more practical case of closed-loop flutter suppression and
output regulation by presenting the theory and synthesis of a
saturated dynamic error-feedback control law. This control law is
based on real-time estimation of the full-order state vectors of the
system plant and the additive exosystem disturbance. Using a linear
observer, the asymptotic closed-loop performances of the error-
feedback system can be made arbitrarily close to those achieved
through state feedback. The core of the dynamic control law for
output regulation is the construction of two invariant sets: the domain
of attraction S and the invariant set SI . The domain of attraction S
produces bounded trajectories in an arbitrarily large subset of the null
controllable region. The invariant setSI can bemade small enough to
produce satisfactory convergence time characteristics and guarantee
the continuous behavior of the control law in an arbitrarily small
neighborhood of the origin. Numerical simulations of several
plant models have demonstrated a similarity in output regulation
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performances between dynamic state-feedback and error-feedback
control laws that were synthesized for the system’s most open-loop
unstableworking setpoint, at the highest considered airflow dynamic
pressure. Numerical simulations also demonstrate the sensitivity of
the proposed error-feedback control law to the system’s external
periodic disturbance frequency content. For disturbances with low-
relative-frequency content, the regulatable region is similar under
both state-feedback and error-feedback control. However, as the
disturbance frequency content approaches and exceeds the system’s
aeroelastic resonance frequency, the size of the regulatable region
under the state-feedback control law is preserved, while for the error-
feedback control law, the regulatable region shrinks to zero. This is
due to the amplification effect of the exosystem’s state estimation
error that occurs in the case of relatively high-external-frequency
disturbance.

Several issues in robustness were examined via numerical
simulations. Both state-feedback and error-feedback control laws
provided a similar measure of robustness to the variation of plant
dynamics with the airflowdynamic pressure. These simulationswere
conducted using the nominal state-feedback controller and param-
eters and the observer dynamic model, synthesized for the most
unstable open-loop BACT plant setpoint. The regulation perform-
ances of the bounded state-feedback control law, using the nominal
control parameters, were found to be relatively robust to perturbation
of the external disturbance frequency content. On the other hand,
even small unmodeled frequency perturbations of the external
disturbance content produce an oscillatory output response under the
bounded error-feedback control law, which becomes closed-loop
unstable for an unmatched frequency multiplication factor of only
1.1. An avenue of further investigation is the potential enhancement
of the system’s closed-loop robustness under error-feedback control
by using the more robust Kalman filter, instead of the pole-
placement-based linear observer applied in this Note. Such a filter
may also be used for online identification of some uncertain system
parameters: in particular, the external disturbance frequency content.
A different direction is the extension of robust state-feedback time-
varying sliding mode control to the more practical case of output
regulation under error feedback.
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